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Abstract
Maximum likelihood and Bayesian approaches are presented for analyzing hierarchical statistical models of natural selection
operating on DNA polymorphism within a panmictic population. For analyzing Bayesian models, we present Markov chain MonteCarlo (MCMC) methods for sampling from the joint posterior distribution of parameters. For frequentist analysis, an Expectation–
Maximization (EM) algorithm is presented for ﬁnding the maximum likelihood estimate of the genome wide mean and variance in
selection intensity among classes of mutations. The framework presented here provides an ideal setting for modeling mutations
dispersed through the genome and, in particular, for the analysis of how natural selection operates on different classes of single
nucleotide polymorphisms (SNPs).
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
Population geneticists have long sought to quantify
the importance of different evolutionary forces (mutation, selection, demographics, recombination, and epistasis) in patterning standing genetic variation within
natural populations (Lewontin, 1974). This research
program has relied on three components: population
genetic theory, experimental observation of genetic
variation, and statistical inference linking the observed
variation to the theory. Population genetic theory has
thus meant the mathematical description of how
different evolutionary forces alone or in combination
produce patterns of genetic variation within and
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estimate; MLE, maximum likelihood estimate; MCMC, Markov chain
Monte Carlo; SNPs, single nucleotide polymorphisms
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between populations and species. By the ‘‘pattern of
genetic variation’’ we mean either the stationary
distributions of allele frequencies (in the broad sense)
and their summary statistics (heterozygosity, number of
alleles, and frequencies of mutations, etc.) under
differing models of genetic evolution or the genealogical
relationship among alleles.
Experimental population genetics has sought to
quantify the amount of genetic variation within a
chosen set of natural populations at a particular point
in time and to interpret this variation in light of the
theory. The chief problem in this endeavor is that the
observed patterns of genetic variation can often be
explained by several different combinations of evolutionary forces (i.e., in a statistical sense, there are too
many degrees of freedom for the type of data). The
standard solution to this problem has been to assume
some strict ‘‘neutral’’ model (in the Kimuran sense)
where the expected pattern of variation or some
summary statistic of the pattern can be derived and to
test whether the observed pattern of variation is
consistent with the strict neutral model. For this reason,
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much of the statistical work in the ﬁeld of population
genetics has focused on developing so called ‘‘tests of
selective neutrality’’. This paper describes an alternative
approach, which is to assume a simple (statistically
identiﬁable) selection model and to estimate the parameters of the selection model with the understanding
that the magnitude of this estimate is only as good as the
validity of the assumptions of the model.
Before describing our approach, it is important to
understand why what we hope to accomplish cannot be
done under the standard neutral frameworks used in
population genetics. In the past 25 years dozens of tests
of neutrality have been proposed for a myriad of types
of population genetic data [for a current review see
Nielsen (2001)]. For analyzing allelic variation, several
standard tests of selective neutrality are used. For
example, for testing whether allelic variation at several
loci sampled from a set of populations is consistent with
no selection operating at any of the loci, there is the
Lewontin–Krakauer test (Lewontin and Krakauer,
1973), which uses as a test statistic the heterogeneity in
the scaled allelic variances across loci. For analyzing
allelic variation at a single locus, the standard test is the
Ewens–Watterson F̂ statistic (1975) which tests whether
the sum of the squared allelic frequencies (i.e., the
sample homozygosity at a particular locus) is consistent
with a K allele neutral model (Wright, 1949, 1969;
Ewens, 1972). An exact test based on the Ewens
sampling distribution for selectively neutral alleles
(1972) has also been proposed for analyzing allelic data
(Slatkin, 1994, 1996).
Several tests of selection have also been proposed for
analyzing DNA sequences sampled from a single
population. In one way or another, almost all the tests
focus on comparing some summary statistic of the ‘‘sitefrequency spectrum’’ to the expected distribution of the
statistic under an inﬁnite-sites neutral model. The sitefrequency spectrum is the observed distribution of
frequencies of mutations or the number of sites that
are at a frequency 1 out of n; 2 out of n; y; n  1 out of
n in the sample where n is the sample size. The
underlying rationale behind using these tests to detect
selection is that different parts of the site-frequency
spectrum will respond differently to selection. Under
neutrality, the site-frequency spectrum has a backwards
‘‘J’’ shaped distribution with expected number of sites at
frequency i given by y=i for 1pipn  1 where y is the
scaled neutral mutation rate. Under negative selection
there will be an increase in the proportion of rare
variants in the sample relative to what would be
expected under neutrality. Likewise, under balancing
selection, an increase in middle frequency variants is
expected. Lastly, under directional selection, the sitefrequency spectrum becomes ‘‘U’’ shaped with an excess
of high- and low-frequency variants relative to midfrequency variants. An example of how to calculate the

site-frequency spectrum will be discussed in the next
section.
The most popular tests in the ﬁeld compare estimators
of y that depend on different parts of the site-frequency
spectrum, which accounts for the differences between
tests (e.g., some tests compare rare variants to midfrequency variants while other tests compare midfrequency variants to high-frequency variants). The
most commonly used test of this form is Tajima’s D
(1989) which compares, yW ; Watterson’s (1975) estimate
of y; to p; the average number of pair-wise differences
among sequences in the sample. yW is a measure heavily
inﬂuenced by singletons and high-frequency variants
whereas p is inﬂuenced by mid-frequency variants. The
sign and magnitude of the test statistic as well as the
power of the test to detect deviations from neutrality
under a wide range of demographic and selective models
have been explored through computer simulation
(Braverman et al., 1995; Simonsen et al., 1995; Akashi,
1999). Fu and Li (1993) have also proposed several test
statistics of this type that compare the number of
singletons in the sample to yW or p in the case where the
ancestral states of mutations is known as well as in the
case where the ancestral states are not known. Fu (1994)
has also proposed several other estimates of y based on
linear combinations of different parts of the sitefrequency spectrum that lead to related tests of selective
neutrality (Fu, 1996). Likewise, Fay and Wu (2000) have
proposed a statistic that compares mid- and highfrequency variants in a similar type of test. One problem
with all these statistics is that each statistic uses some
part of the site-frequency spectrum and none of the
statistics take account of all of the information in the
site-frequency spectrum. We will return to this point
shortly.
Another class of tests of neutrality for polymorphism
data are tests of homogeneity that compare different
parts of the site-frequency spectrum for two mutational
classes (e.g., ‘‘silent’’ to ‘‘replacement’’ changes or
‘‘preferred’’ to ‘‘unpreferred’’ codon classes). For the
speciﬁcs of these tests as well as their power see Akashi
(1999). The rationale behind this class of tests is that if
the two mutational classes are neutral and one conditions on the observed number of sites in each class, then
the proportion of sites that fall into each part of the sitefrequency spectrum should be the same for the two
classes of mutations regardless of the underlying
demographics of the species being considered.
One drawback that all of the tests mentioned above
share is that only parameters in a neutral model are ever
estimated, if any population genetic parameters are
estimated at all. That is, one never estimates the
parameter of interest, namely, the strength of selection
on new mutations. The reason for this is that in the
inﬁnite-sites, no recombination coalescent-based models
that are used to derive all of the statistics, the effect that
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selection will have on the sample statistic depends on
specifying assumptions about interaction between sites,
the frequency of selected mutations, and the level of
recombination among sites. While several coalescent
models of neutral variation linked to singly selected sites
have been explored in detail for several types of selection
(Kaplan et al., 1988; Hudson and Kaplan, 1988; Kaplan
et al., 1989; Kaplan et al., 1991), little statistical work
has been done on ﬁtting these models to data. Likewise,
recent work (Neuhauser and Krone, 1997; Krone and
Neuhauser, 1997; Slade, 2000a,b, 2001) on the ‘‘ancestral selection graph’’ (i.e., the selection analog of the
coalescent) has not provided a direct method for
parameter estimation or hypothesis testing. One approach that seems quite promising is the use of
simulation methods for likelihood inference in certain
classes of non-neutral population genetic models where
the type of the mutant allele does not depend on the type
of the ancestral allele (Donnelly et al., 2001). For the
inﬁnite-sites model, though, this approach does not yet
apply.
An alternative to the coalescent which does take
account of all of the information in the site-frequency
spectrum and therefore provide a clear likelihood
framework for estimating the mutation and selection
parameters in various population genetic settings is the
Poisson Random Field (PRF) framework (Sawyer et al.,
1987; Sawyer and Hartl, 1992; Hartl et al., 1994). In
PRF models, each aligned DNA site is treated as
conditionally independent given selection and mutation
parameters for an inﬁnite-sites model with haploid
selection (Sawyer and Hartl, 1992). While the PRF
models may not be applicable to regions that have tight
linkage, they are appropriate for the analysis of genomewide variation such as the growing data on single
nucleotide polymorphisms (SNPs) from different parts
of the genome. We have previously shown that the
likelihood ratio test of no selection in the PRF framework has very good power to detect both negative and
positive selection when the ancestral states of all
mutations in the sample are known, and that conﬁdence
intervals for the selection parameter in the model based
on the log-likelihood function have the desired coverage
(Bustamante et al., 2001). In this paper we address the
issue of ‘‘meta-analysis’’ of polymorphism data in the
PRF framework (i.e., the issue of comparing the
strength of selection among a set of loci or mutational
classes of interest) and in particular, the question of how
to estimate the genomic mean and variance in the
strength of selection using this type of data.
Our approach is to develop a ‘‘hierarchical’’ PRF
model of DNA polymorphism under weak selection for
a set of classes of mutations where the selection
parameter for each class is a random quantity sampled
from some speciﬁed probability distribution. In particular, we focus on a class of hierarchical models where
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the mutation rates for different classes of sites are jointly
independent given the vector of selection coefﬁcients for
all classes of mutations in the sample. We then develop
in detail a model where the selection parameters across
classes is treated as normally distributed with unknown
mean and variance. We discuss how to ﬁnd the
maximum likelihood estimates of the mean and variance
of the distribution of selection coefﬁcients using an
Expectation Maximization (EM) algorithm (Dempster
et al., 1977) which consequently yields Empirical Bayes
estimates of the selection and mutation parameters for
each class of sites. We also develop a full Bayesian
framework and discuss methods for sampling from the
joint posterior distribution of all parameters in the
model using Gibbs sampling. We then apply both the
maximum likelihood and Bayesian methods to a sample
data set generated under the assumptions of the model
to illustrate the method.

2. Hierarchical modeling in the Poisson random ﬁeld
framework
Consider J alignments each consisting of Sj variable
DNA sites where each alignment has a census size of nj
sequences for 1pjpJ: The columns within each
alignment are ‘‘exchangeable’’ in the statistical sense,
so that position i in an alignment and position i þ 1 in
the alignment tell us nothing about the actual position
of the mutation in the genome. These columns can
correspond to neighboring regions in the genome, but
they do not necessarily need to and information on
haplotype structure is not incorporated in the analysis
since sites are assumed to be statistically independent
(i.e., equivalent to free recombination between sites).
The deﬁning characteristic of the alignment is that all of
the sites in the alignment share some biological
characteristic of interest (e.g., they can be fourfold
redundant sites from different genes in the genome,
replacement mutations on the surface of proteins, or
G ::: C-A :: T mutations in non-coding sequence)
Without loss of generality, we assume an equal sample
size and mutation rate within each alignment. We will
refer to these alignments using the terms loci, mutational
class, and alignment, interchangeably.
Table 1 shows an example of such an alignment for six
haploid individuals sequenced at 10 segregating DNA
sites, so that each column is an aligned DNA site and
each row is an individual chromosome sampled from the
population. At each site where the individual carries the
derived nucleotide, the resulting entry in the matrix is 1;
otherwise the entry is 0. The kth column total gives the
number of individuals in the sample that carry the
derived form of kth segregating site. Deﬁne the sitefrequency spectrum for the jth alignment as the nj 
1-dimensional random vector, Xj ¼ X1;j ; X2;j ; y; Xnj 1;j ;
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Table 1
Example of data modeled in this paper
Individual
Individual
Individual
Individual
Individual
Individual

1
2
3
4
5
6

Total

0
0
0
0
1
0

0
0
0
1
1
0

1
1
0
1
1
0

0
0
1
0
0
0

0
1
0
0
0
0

0
0
1
0
0
0

0
0
0
1
0
1

1
0
0
1
1
0

1
1
0
1
1
1

0
0
1
0
1
0

1

2

4

1

1

1

2

3

5

2

Each column is an aligned DNA site and each row is an individual sampled from the population. The (ith, jth) entry in the table is equal to 1 if the ith
individual carries the derived form of the jth mutation and equal to 0, otherwise.

where the Xi;j is the number of sites where i individuals
carry derived forms of the mutation and nj  i
individuals carry the ancestral form. For the sample
data presented in Table 1, the site-frequency spectrum is
ð4; 3; 1; 1; 1Þ because there are 4 sites where a single
individual carries the derived mutation, 3 sites where
two individuals carry the derived mutation, and 1 site
each where 3, 4, or 5 individuals in the sample carry the
derived mutations.
The key results from Hartl et al. (1994) that is relevant
to this paper is the probability distribution for Xi;j : It
can be shown that under the PRF model the Xi;j ’s for a
given alignment are jointly independent Poisson distributed random variables with mean yj F ði; gj Þ:
pðXi;j ¼ xi;j j yj ; gj Þ ¼ eyj F ði;gj Þ

ðyj F ði; gj ÞÞxi;j
;
xi;j !

ð1Þ

y

where gj is the scaled selection coefﬁcient, 2j is the scaled
mutation rate for the region of interest, and
!
Z 1
1  e2gj ð1qÞ nj
F ði; gj Þ ¼
i
1  e2gj
0
 qi ð1  qÞnj i

dq
:
qð1  qÞ

ð2Þ

comparing the selection intensity among different loci
and using this information to reﬁne our estimates of
selection for each locus. Two extreme approaches we
could use are (1) to assume that the selection intensities
are completely independent among genomic regions and
that an estimate of selection from one region tell us
nothing about selection in other regions, and (2) to
assume that selection acts in the same way on all loci. As
a middle ground we consider the model below in which
the selection coefﬁcients among loci are random
variables drawn from some underlying distribution.
Consider a set of J loci where locus j has site
frequency vector, xj ; and selection parameter gj ; with
likelihood pðxj j gj Þ: We are interested in modeling
variation in selection intensity using some meta-distribution that depends on a set hyperparameters f so
that pðgj j fÞ is the probability distribution for selection
coefﬁcient gj before we have observed any data. We
set up the model so that, conditional on f; the gj ’s
are independent and identically distributed. That is,
the joint distribution of the parameters pðc j fÞ is
equal to the product of the individual marginal
distributions:
J
Y

By scaled mutation rate and scaled selection coefﬁcient
we mean

pðc j fÞ ¼

gj ¼ 2Ne sj ;

where c is the J-dimensional vector of selection
coefﬁcients, ðg1 ; g2 ; y; gj Þ:
In a frequentist (maximum likelihood) setting, we
# that
wish to ﬁnd the vector of parameter estimates f
maximizes the marginal likelihood function, Lðf j xÞ;

yj ¼ 4Ne nj ;
where 2Ne is the effective population size, the ﬁtness of
mutants is 1 þ sj ; the ﬁtness of non-mutants is 1; and nj
is the per-generation mutation rate for the jth locus in a
standard Moran haploid model (Moran, 1962). This
model is equivalent to a diploid model with additive
ﬁtnesses effects and effective population size chromosomal, Ne ; since there are two chromosomes per individual. We will now turn to the issue of developing a
hierarchical model for this type of data.
Hierarchical models provide a framework for modeling the dependence structure of parameters in a
statistical model. In our case, we are interested in

pðgj j fÞ;

ð3Þ

j¼1

Lðf j xÞ ¼ pðx j fÞ
¼

J
Y

pðxj j fÞ

j¼1

¼

J Z
Y
j¼1

¼

J Z
Y
j¼1

pðxi j gi ; fÞpðgi j fÞ d gj

gi AG

gi AG

pðxi j gi Þpðgi j fÞ d gj ;

ð4Þ
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where x is the J-dimensional vector of site-frequencies
ðx1 ; x2 ; y; xJ Þ: The simpliﬁcation from the second line
to the third line comes from the fact that the
hyperparameters affect the likelihood function only
through c:
In a Bayesian framework, we would often be
interested in describing the joint and marginal posterior
distributions of the parameters in the model (i.e., the
selection coefﬁcient for each locus as well as the
hyperparameters). To obtain these posterior distributions, we need to specify the prior distribution on the
hyperparameters, pðfÞ; which often takes the form of a
proper distribution with ‘‘uninformative’’ parameters.
For the model we have presented above, the joint
posterior distribution is given by
pðf; c j xÞ ppðx j f; cÞpðf; cÞ
¼ pðx j cÞpðf; cÞ
¼ pðfÞpðc j fÞpðx j cÞ:

ð5Þ

Again, the step from the ﬁrst line to the second line
holds because pðx j f; cÞ; depends only c: The step from
the second line to the third line comes directly from the
deﬁnition of conditional probability.
The result in Eq. (1) provides the ﬁrst level of our
model. Let x ¼ ðx1 ; x2 ; y; xJ Þ be the vector of site
frequencies, n ¼ ðn1 ; n2 ; y; nJ Þ the vector of sample
sizes, c ¼ ðg1 ; g2 ; y; gJ Þ the vector of selection coefﬁcients, and h ¼ ðy1 ; y2 ; y; yj Þ the vector of mutation
rates for each of J loci (1pjpJ). Note that although x
is a ‘‘vector of vectors’’ it is not necessarily a matrix,
since the sample sizes for the alignments may differ. The
likelihood function for each locus is the product of the
individual pðxi;j j yj ; gj Þ since the xi;j ’s are independent:
Pnj 1
S Qnj 1
eyj i¼1 F ði;gÞ yj j i¼1
F ði; gj Þxi;j
;
ð6Þ
pðxj j yj ; gj Þ ¼
Qnj 1
i¼1 xi;j !
where Sj isPthe number of segregating sites in the jth
nj 1
gene (Sj ¼ i¼1
xi;j ).
Since we are interested in modeling variation among
loci in selection, but not in mutation, it would be
convenient to develop a model where the mutation rate
for each locus yj has been integrated out of the model
above. Setting a gamma prior distribution for yj and
using Bayes rule, it is possible to ﬁnd pðxj j gj Þ
analytically.
Let
yj B Gammaðaj ; bj Þ;

ð7Þ

where B means ‘‘distributed as’’ and Gammaða; bÞ
represents a gamma distributed random variable with
a
mean bj : By Bayes rule,
j

pðxj j gj ; yj Þpðyj Þ
pðxj j gj Þ ¼
:
pðyj j xj ; gj Þ

ð8Þ
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Since the gamma distribution is the natural conjugate of
the Poisson distribution, it can be shown analytically
that the posterior distribution of yj will also be a gamma
distribution with updated parameters that incorporate
the data, so that
!
nX
j 1
yj j xj ; gj B Gamma aj þ Sj ; bj þ
F ði; gj Þ :
ð9Þ
i¼1

By substituting (6), (7), and (9) into (8), it follows that
the marginal distribution of the data pðxj j gj Þ is a
parameterized negative binomial distribution,
pðxj j gj Þ ¼
Pnj 1
S Qnj 1
eyj i¼1 F ði;gÞ yj j i¼1
F ði; gj Þxi;j baj j aj 1 b y
e j j
Qnj 1
Gðaj Þ yj
i¼1 xi;j !
: ð10Þ
Pnj 1
ðbj þ i¼1
F ði; gj ÞÞaj þSj aj þSj 1 ðbj þPnj 1 F ði;gj ÞÞyj
i¼1
yj
e
Gðaj þ Sj Þ
Keeping only terms that depend on gj ; we can simplify
the above equation and focus on the portion that
contributes to the likelihood function for gj ;
Qnj 1
xi;j
i¼1 F ði; gj Þ
pðxj j gj Þp
:
ð11Þ
Pnj 1
ðbj þ i¼1 F ði; gj ÞÞðSj þaj Þ
It may seem that integrating out h by specifying
independent gamma prior distributions for each yj
would compromises maximum likelihood inference. An
alternative would be to optimize the joint likelihood
function Lðh; c j xÞ for h and c: However, as shown
below, the assumption of jointly independent gamma
prior distributions for the yj ’s affects the inference on c
and h minimally while greatly reducing the dimensionality of the maximization problem as long as aj and bj
are small.
We have previously shown (Hartl et al., 1994;
Bustamante et al., 2001) that the maximum likelihood
estimates of gj and yj in a model where the alignments
are fully independent (i.e., not the hierarchical model)
are given by the point (ybj ; gbj ) where gbj is the value of gj
that maximizes the log-proﬁle-likelihood function of gj ;
l n ðgj j xj Þ; and ybj is the conditional maximum likelihood
* evaluated at g# : The expressions
estimate of yj given gj ; y;
n
e
for l ðgj j xj Þ and yj are as follows:
n

l ðgj j xj Þp

nX
j 1

xi;j F ði; gj Þ  Sj log

i¼1

nX
j 1

F ði; gj Þ

ð12Þ

i¼1

and
Sj
yej ¼ Pnj 1
;
i¼1 F ði; gj Þ

ð13Þ

where Sj is the number of segregating sites in locus j:
Taking the logarithm of (11), we see that
the integrated log-likelihood function lðgj j xj Þ is
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values of m and s2 ; denoted m# and sb2 ; that maximize
J Z N
ðgj mÞ2
Y
1
pðx j m; s2 Þ ¼
pðxj j gj Þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ e 2s2 d gj : ð18Þ
p2s2
N
j¼1

proportional to
lðgj j xj Þ p

nX
j 1

xi;j log F ði; gj Þ  ðSj þ aj Þ

i¼1

 log

nX
j 1

!
F ði; gj Þ þ bj :

ð14Þ

i¼1

Clearly if aj and bj are equal to zero, Eqs. (12) and
(14) are identical. This shows that the maximum
likelihood of gj for the integrated likelihood and the
joint-likelihood is the same if aj and bj are equal to zero.
This means that for of modeling variation in gj ’s, no
information is lost by integrating out the yj ’s if aj and bj
are small.
Likewise, in (9) it is shown that the distribution of yj
given gj and xj is aP
gamma distribution with parameters
nj 1
aj þ Sj and bj þ i¼1
F ði; gj Þ: The maximum likelihood estimate of yj in the integrated model will equal
the mode of this distribution, which one can show to be
a þS 1
Pj nj 1j
: If the number of segregating sites is large
bj þ

i¼1

F ði;gj Þ

and aj and bj are small, this will be very close to the
MLE of yj for the joint likelihood function given in
Eq. (13).
Completing the ﬁrst level of the hierarchical model,
we note that the conditional posterior distribution for gj
is given by
pðgj j f; xj Þppðxj j gj Þpðgj j fÞ;

ð15Þ

where pðgj j fÞ is the probability density function for the
meta-distribution of selection coefﬁcients.
Since selection coefﬁcients are deﬁned on the real line
(i.e., in theory they can range from N to N) one
model that is appropriate mathematically for the
distribution of selection coefﬁcients is that they are
independent and identically normally distributed with
mean m and variance s2 :
2

ðgj mÞ
1
pðgj j m; s2 Þ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ e 2s2 :
2ps2

fðiÞ ¼ argmax Qðf; fði1Þ Þ;

ð17Þ

The next two sections of the paper will focus on how
to proceed with statistical inference for the normal
model above from Bayesian and frequentist perspectives.

3. Frequentist inference
In a frequentist framework, we wish to ﬁnd the
maximum likelihood estimates of m and s2 ; that is,

ð19Þ

f

where
ð20Þ
Qðf; fði1Þ Þ ¼ E½log pðx; y j fÞ j x; fði1Þ
Z
¼
log pðx; y j fÞpðy j x; fði1Þ Þ dy: ð21Þ
yAY

ð16Þ

The independence assumption yields J independent
conditional posterior distributions
pðgj j m; s2 ; xj Þppðxj j gj Þpðgj j m; s2 Þ

To perform this optimization, we use the Expectation
Maximization algorithm (Dempster et al., 1977).
The Expectation Maximization (EM) algorithm is an
iterative method for maximum-likelihood ﬁtting of
parametric statistical models (Dempster et al., 1977).
In EM the maximization problem at hand is framed in
terms of some data augmentation problem. That is the
problem is posed in such a way that the addition of some
key missing data makes maximization of the likelihood
function ‘‘easy’’. The EM algorithm consists of two
iterated steps. In the expectation step (E-) one calculates
the expected value of the log-likelihood function of the
augmented data (i.e., the log-likelihood function of the
observed and missing data) with respect to the distribution of the missing data, given the observed data and the
previous M- step estimates of the parameters to be
estimated. This (E-) function is denoted Qðf; fði1Þ Þ
where fðiÞ is the parameter estimates at step i: In the
maximization step (M-) one maximizes Qðf; fði1Þ Þ with
respect to f:
Let x represent the observed data in some parametric
statistical model and f the parameters of the model,
where x and f can be either scalars or vectors. Our
objective is to maximize the likelihood function of the
observed data, pðx j fÞ: Deﬁne y as the ‘‘missing’’ or
unobserved data. In each iteration i of the EM
algorithm, the goal is to ﬁnd fðiÞ such that

For the hierarchical PRF model outlined in the
previous section, the function to maximize is the
marginal likelihood function of the hyperparameters of
the meta-distribution of selection coefﬁcients, Lðf j xÞ ¼
# that
pðx j fÞ: This means we want to ﬁnd the vector f
maximizes
Z
pðx j fÞ ¼
pðx j c; fÞpðc j fÞ dc:
ð22Þ
cAC

where f is an h-dimensional vector of hyperparameters
of the meta-distribution (hoJÞ; x is the vector of sitefrequency spectra for the J loci in the study and c is the
vector of selection coefﬁcients. We use the f notation
for generality, since we can specify a series of meta
distributions for c; in the case of the normal distribution
model speciﬁed above, h ¼ 2 and f ¼ ðm; s2 Þ: As will be
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shown below, the missing data in this problem is the
vector of selection coefﬁcients.
The Qðf; fði1Þ Þ function for the hierarchical PRF
model is
Z
Qðf; fði1Þ Þ ¼
logðpðx; c j fÞÞpðc j fði1Þ ; xÞ dc ð23Þ
cAC

¼

Z

It is a matter of differentiation and algebra to show that
J
@ log pðc j m; s2 Þ
1X
¼ 2
ðg  mÞ
ð29Þ
@m
s j¼1 j
J
@ log pðc j m; s2 Þ
J
1 X
¼

þ
ðg  mÞ2
@s2
2s2 2s4 j¼1 i

ð30Þ

J
J
1 X
¼ 2þ 4
ðg2  2 gi m þ m2 Þ:
2s
2s j¼1 i

logðpðx j cÞpðc j fÞÞ

cAC

 pðc j fði1Þ ; xÞ dc
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ð24Þ

ð31Þ

where the step from (23) to (24) comes from the
deﬁnition of conditional probability [i.e., pðx; c j fÞ =
pðx j c; fÞpðc j ; fÞ] and the fact that f affects x only
through c so that pðx j c; f) = pðx j cÞ: Note that the
expectation taken in (23) and (24) is over the joint
conditional posterior distribution of gj ’s. Given the f;
the conditional posterior distribution of the gj ’s are
independent, so that pðc j fði1Þ ; xÞ factors into the
product of the individual conditional posterior distributions. We will return to this point shortly.
Given
the
fact
that
logðpðx j cÞpðc j fÞÞ ¼
log pðx j cÞ þ log pðc j fÞ and that pðx j cÞ does not
depend on f (the vector of parameters we want to
maximize), we can rewrite Qðf; fði1Þ Þ as
Z
logðpðc j fÞÞ
Qðf; fði1Þ Þ ¼ Ci ðc; x; fði1Þ Þ þ

As noted above, the expectations in (27) and (28) are
taken over the individual conditional posterior distributions of the gj ’s. This amounts to replacing gj and g2j in
(30) and (31) with E½gj and VAR½gj þ E2 ½gj ; respectively, where E½gj is the expectation and VAR½gj the
variance of the conditional posterior distribution,
pðgj j xj ; mði1Þ ; s2 ði1Þ Þ: Hence,
J
X
E½gj
ð32Þ
mðiÞ ¼
J
j¼1

cAC
ði1Þ

 pðc j f
where
Ci ðc; x; fði1Þ Þ ¼

Z

; xÞ dc;

ð25Þ

logðpðx j cÞÞpðc j fði1Þ ; xÞ dc ð26Þ

cAC

is a constant that does not depend on f:
To maximize (25) we need to ﬁnd the vector of
parameter estimates fðiÞ such that all components of the
vector of partial derivatives
of Qðf; fði1Þ Þ evaluated at
@Qðf;fði1Þ Þ
ðiÞ
f are 0 (i.e.,
j f¼fðiÞ ¼ 0 for i ¼ 1; y; h).
@fi
How to perform this maximization depends on the
model speciﬁed for the hyper-distribution. For the case
of the normal model speciﬁed in the previous section,
f ¼ ðm; s2 Þ; we can ﬁnd fðiÞ analytically in terms of the
posterior means and variances of pðgj j mði1Þ ; s2 ði1Þ ; xj Þ:
To do so, we need to ﬁnd
@Qðm; s2 ; mði1Þ ; s2 ði1Þ Þ
@m
@ log pðc j m; s2 Þ
c; mði1Þ ; s2 ði1Þ
¼E
@m

J
J
X
X
VAR½gj
ðE½gj  mðiÞ Þ2
:
þ
J
J
j¼1
j¼1

ð33Þ

In words, Eqs. (32) and (33) state that at the end of
each iteration, the new maximum likelihood estimate of
the mean of the distribution of selection coefﬁcients is
the mean of the expected values of the individual
conditional posterior distributions, and the MLE of the
variance is the sum of the average of the conditional
variances plus the variance of the expected values of the
conditional distributions.
Once the EM algorithm has converged (i.e., once
there is no change in the log-likelihood from iteration to
iteration) the MLEs of m and s2 ; m# and sb2 ; will be equal
to mðiÞ and s2 ðiÞ : One added beneﬁt of using this EM
algorithm is that at convergence we have also found
gEB
¼ E½gj j xj ; m;
# sb2 the expected value of the gj ’s given
j
the maximum likelihood estimates of m and s2 : The gEB
j
values are known as the Empirical Bayes estimates of
the gj : Likewise, we can also compute the Maximum a
posteriori estimate of gj ; gMAP
; which is deﬁned as the
j
mode of the distribution pðgj j x; m;
# sb2 Þ:

4. Bayesian inference
ð27Þ

and
@Qðm; s2 ; mði1Þ ; s2 ði1Þ Þ
@s2
@log pðc j m; s2 Þ
¼E
c; mði1Þ ; s2 ði1Þ :
@s2

s2 ðiÞ ¼

ð28Þ

To deﬁne a Bayesian analog of the hierarchical model
outlined above, we need to specify prior distributions for
m and s2 : A logical framework to employ is the
conjugate model:


s2
m j s2 BN m0 ;
;
ð34Þ
k0
s2 BInv-w2 ðn0 ; s20 Þ;

ð35Þ
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where m0 ; k0 ; n0 ; s20 are the parameters of the prior
distributions for m and s2 ; and Inv-w2 refers to an
inverse w2 distribution.
The conditional posterior distribution of m for the
conjugate normal model is
!
k0
m þ sJ2 g%
1
2
s2 0
;
ð36Þ
m j s ; gBN
;
k0
þ sJ2 ks02 þ sJ2
s2
where g% is the arithmetic average of the g’s.
The marginal posterior distribution of s2 is
s2 j gBInv-w2 ðnJ ; s2J Þ;

4.
5.

6.
ð37Þ
7.

where
nJ ¼ n0 þ J;
nJ s2J ¼ n0 s20 þ ðJ  1Þs2 þ

3.

ð38Þ
k0 J
ðg%  m0 Þ2
k0 þ J

ð39Þ

and s2 is the sample variance of the g’s. For this model, if
k0 and n0 are chosen to be small and s2 to be large, the
prior distribution will be uninformative. Our next task is
to develop a method for sampling from the joint
posterior distribution pðg1 ; g2 ; y; gJ ; m; s j xÞ: A natural
method to implement for the normal conjugate model is
Gibbs sampling.
4.1. Gibbs sampling
The Metropolis–Hastings algorithm Metropolis et al.,
1953; Hastings, 1970) provides a general method for
generating a Markov chain with some stationary
distribution of interest by sampling from some proposal
distribution and accepting new proposed values with
particular probabilities. In our case, we are interested in
sampling from the joint posterior distribution of the
parameters and hyperparameters, pðc; m; s2 j xÞ: An
efﬁcient way to sample from this distribution is to use
a form of the Metropolis–Hastings algorithm known as
Gibbs sampling or alternating conditional sampling. In
this case, each iteration of the algorithm will consist of
J þ 2 steps in which we sample from each component of
pðc; m; s2 j xÞ conditional on the previous values of the
other components and we update the parameter with
probability 1. We will denote the samples at each
iteration by adding a subscript t to c; m; and s2 so that
gt:j ; mt ; and s2t are the values of gj ; m; and s2 ; respectively,
at iteration t and ct ¼ ðgt:1 ; gt:2 ; y; gt:J Þ: In particular, to
implement Gibbs sampling we used the following
algorithm.
1. Start at iteration t ¼ 1 with m ¼ m1 and s2 ¼ s21 as
given starting values.
2. Given mt and s2t ; calculate the conditional posterior
distribution pðg j mt ; s2t ; xj Þ numerically on a grid of
points as given by (17), normalize to unity, and use
the inverse-cdf method to draw a sample, gt:j ; from
pðgj j mt ; s2t ; xj Þ for each locus. Since the gj ’s are

conditionally independent given m and s2 ; it does
not matter in which order the gt:j ’s are sampled.
Optional: For j ¼ 1; y; J; sample yj from pðyj j gj ; xj Þ
using standard techniques for sampling from a
Gamma distribution and the result from (9).
Increment t by 1.
Given the ct1 ; sample s2t from pðs2 j ct1 Þ (37) using
standard techniques for sampling from an inverse
Gamma distribution.
Given s2t ; sample mt from pðm j s2t ; ct1 Þ (36) using
standard techniques for sampling from a normal
distribution.
Repeat steps 2–6 until some desired convergence
criteria is met.

The Gibbs sampler for the model outlined above was
implemented in an ANSI C program available from
www.bscb.cornell.edu/Homepages/Carlos Bustamante/.
4.1.1. Convergence criteria
To monitor convergence
of the MCMC chains we
pﬃﬃﬃﬃ
chose to use the R̂ statistic discussed by Gelman et al.
(1997). This measure compares the between- and withinsequence variances for multiple Markov chains started
at different starting points.
pﬃﬃﬃThe
ﬃ general ‘‘rule of thumb’’
is to run the chains until R̂ is below 1.2 (or some other
value ‘‘close’’ to 1) and then discard the ﬁrst half of the
observations up to that point from each chain.
Combining the data from all the chains, one has mostly
independent samples from the joint-posterior distribution pðc; m; s j xÞ:

5. Example
To illustrate how the model can be used to analyze
variation in selection among genomic regions or
mutational classes, we will focus the remainder of the
paper on a particular example. The site-frequency data
in Fig. 1 were simulated by ﬁrst drawing 25 selection
coefﬁcients (gj ; 1pjp25) from a normal distribution
with m ¼ 2 and s ¼ 2:22 and then for each sitefrequency class drawing a Poisson random variable
with probabilities given by Eq. (1). For simplicity we
used the same sample size (n ¼ 15) for each mutational
class as well as the same mutation rate (y ¼ 25).
For maximum likelihood estimation of m and s2 we
used the EM algorithm with nine different starting
points. On a desktop computer with a Pentium III
900 MHz processor, it took less than 10 min to run all
nine analyses using a grid of 200 points for the posterior
distribution of each gamma. The algorithm in all cases
converged to the ﬁxed point m# ¼ 2:63 and s# ¼ 2:12: We
increased the grid size to 500 points and the results
remained unchanged. Note that conﬁdence intervals for
the MLEs based on the joint likelihood function do
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Fig. 1. Simulated site-frequency data for 25 genes.

contain the true values of the parameters, m ¼ 2 and
s ¼ 2:22:
For ﬁtting the Bayesian model we used Gibbs
sampling as described above for nine different starting
points with aj ¼ bj ¼ 0 for all chains. We ran each of the
nine chains for 10,500 steps using a grid of 200 points on
½10; 30 for the posterior distribution of each g: This
analysis took 4:5 h to
on the same computer
pﬃﬃﬃrun
ﬃ
described above. The R̂ was well below 1.2 after the
ﬁrst 100 iterations. To be conservative, we discarded the
ﬁrst 500 draws of each chain. Fig. 2 shows the ﬁrst 500
iterations for m and s to show that the chains had mixed
well before the point at which samples were retained.
Fig. 3 shows histograms of 500 bins each to summarize
the marginal posterior distributions of m and s as
estimated from the 90,000 total draws in the nine
MCMC chains. The quantiles of these distribution as
well as the posterior mean and variance are summarized
in Table 2. We see that the true mean and true variance
are well within the region encompassed by the posterior
distribution.
Figs. 4 and 5 illustrate the performance of the
frequentist and Bayesian point estimators of gj and yj
introduced in this paper. In general, the Maximum a
posteriori estimate (MAP) and the Emperical Bayes
estimate (EB) are quite similar to each other and to the

mean and median of the posterior distribution. In Fig. 5,
we see that the maximum likelihood estimate of gj for
some genes is closer to the true value of the parameter
than either the MAP or the EB estimate, but in certain
cases the MLE yields a value much greater than the true
value (e.g., j ¼ 25). Likewise, we note that for 24 out of
25 of the mutation classes, both the 95% credibility
intervals and the 95% frequentist conﬁdence intervals
for gj based on the log-likelihood function contain their
true value. One clear advantage of Bayesian approach in
this regard is that the lengths of the credibility intervals
are, on average, noticeably shorter than the corresponding conﬁdence intervals based on the proﬁle-log-likelihood functions.
One method that could be used to estimate the
mean and variance of the distribution of selection
coefﬁcients is to calculate the average of the individual
maximum likelihood estimates and use the sample
variance to construct a conﬁdence interval for the true
mean. The average of the MLEs is 2.98 and the sample
variance is 16.425, resulting in a conﬁdence interval for
the true mean of ð1:31; 4:65Þ which does contain the true
mean of the distribution. Note, however, that both
the maximum likelihood estimate of m as well as the
posterior mean and median are closer to the true
value than this ad hoc estimate. Note, also, that since
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Fig. 2. Time-series plots of the ﬁrst 500 draws of nine Markov Chains used to estimate the joint posterior distribution of the parameters in the
Hierarchical PRF model.
Table 2
Summary of maximum likelihood estimates of m and s as well as posterior mean (PM), variance (PV), and quantiles of the posterior distributions
of m and s in the example dataset.
Parameter

m
s

MLE

2.63
2.12

PM

2.42
2.28

PV

0.30
0.25

Quantiles of posterior distribution
2.5%

25.0%

50.0%

75.0%

97.5%

1.42
1.48

2.05
1.93

2.40
2.22

2.77
2.57

3.58
3.43

Fig. 3. Marginal posterior distributions of m and s as estimated from 9 chains of 10,000 draws each (90,000 draws total).

the variance of the MLEs is a composite of the variance
between the gj ’s as well as the estimation variance of
each gj ; it cannot be used to estimate the variance

between gj without including some term to account for
the variance of each estimate. We have previously
shown (Bustamante et al., 2001) that the asymptotic
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Fig. 4. Posterior mean, emperical Bayes estimate, and maximum a posteriori estimates (MAP) of gj and yj for the simulated data as compared to
their true value.

Fig. 5. Coverage of conﬁdence intervals and credibility intervals for g parameters using the simulated data. The black lines detail 95% conﬁdence
intervals based on the set of values of gj that are within 1.92 proﬁle-log-likelihood units from the MLE, and the grey lines detail 95% highest
posterior credibility intervals.

variance of g# (which would be the natural estimate of the
estimation variance to use) is a poor estimate of the true
variance if the number of segregating sites is not very
large (E2500 for each locus). If we simply treat the

MLEs as data, we would therefore tend to over-estimate
the variation in selection among classes of mutations.
Therefore, both the maximum likelihood and the
Bayesian methods are superior for estimating the
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Fig. 6. Coverage of 95% Credibility Intervals for y parameters using the simulated data and performance of point estimators.

distribution of selection coefﬁcients than simply using
the MLEs as data.
Lastly, we turn to the estimation of yj ’s. We see in
Figs. 4 and 6 that the maximum likelihood estimates, the
MAP estimates, and the estimates from the posterior
mean are all quite close to each other and, in general,
closer to the true value of y ¼ 25 for each gene than yW :
The reason we included Watterson’s (1975) estimate of y
is that it is the most commonly used estimate of y and
because we have previously shown (Bustamante et al.,
2001) that under neutrality for the PRF model, yW is the
maximum likelihood estimate of y: The reason our
approach can improve upon the estimate so dramatically is that the estimate of yj is completely dependent
on the estimate of gj : As long as one has some
reasonable estimate of gj ; one will always improve upon
an estimate of yj that assumes neutrality.
For this example, it is clear that maximum likelihood
and Bayesian analyses give quite similar results. The
advantage of using the maximum likelihood method is
that it is much faster to run than the Bayesian method
and therefore makes the study of power and other
statistical properties of the system computationally
tractable. The advantage of the Bayesian method is
that it is more ﬂexible than the maximum likelihood
method and can easily be modiﬁed to accommodate
more complicated models. Both methods are superior to
simply using the MLEs as data and estimating the
distribution of gj ’s from gbj ’s. We have also implemented
the same model above in a program using a Metropolis–
Hastings algorithm to sample from the gj ’s which does
not require calculating the posterior distribution of the
gj ’s on a grid. This method gave quite similar results to

Gibbs sampler but took much longer to run. We hope to
focus a subsequent publication on the power and
robustness of the model described here.
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