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Abstract
As large-scale sequencing efforts turn from single genome sequencing to polymorphism discovery, single nucleotide
polymorphisms (SNPs) are becoming an increasingly important class of population genetic data. But because of the ascertainment
biases introduced by many methods of SNP discovery, most SNP data cannot be analyzed using classical population genetic
methods. Statistical methods must instead be developed that can explicitly take into account each method of SNP discovery. Here
we review some of the current methods for analyzing SNPs and derive sampling distributions for single SNPs and pairs of SNPs for
some common SNP discovery schemes. We also show that the ascertainment scheme has a large effect on the estimation of linkage
disequilibrium and recombination, and describe some methods of correcting for ascertainment biases when estimating
recombination rates from SNP data.
r 2003 Elsevier Science (USA). All rights reserved.

1. Introduction
Much attention has recently been given to genomic
data consisting of variable sites within a species, the socalled single nucleotide polymorphisms (SNPs). SNP
data are generated through various protocols. One
obvious method for generating SNPs is by direct
sequencing of a genomic region (e.g. Zhao et al.,
2000). Such SNP data can be analyzed using standard
methods applicable to whole DNA sequences. However,
most SNP data are not generated by direct sequencing.
Often, SNPs are ﬁrst identiﬁed by scanning databases of
genomic fragments (e.g. Wang et al., 1998) or expressed
sequence tags (ESTs; e.g. Picoult-Newberg et al., 1999)
for variable sites. For example, databases generated by
shotgun genome sequencing can be used to identify
SNPs. The identiﬁed SNPs can then be typed in larger
samples using high-throughput methods such as denaturing high performance liquid chromatography
(DHPLC) or microarrays.
Standard estimators of population genetic parameters
cannot be applied to SNP data generated using these
protocols. Such methods of SNP discovery will in most
cases bias the standard estimators, causing a so-called
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ascertainment bias. However, appropriate population
genetic analyses of such data can still be made by
modeling the ascertainment method. Methods for
considering ascertainment schemes in the analyses of
SNP data have been discussed by Nielsen (2000),
Kuhner et al. (2000a) and Wakeley et al. (2001).
Modeling the method of sampling population genetic
markers for the purpose of appropriate statistical
analysis dates back at least to Ewens et al. (1981).
In this article we will review some of the available
methods for correcting for ascertainment biases in SNP
data and we will develop a few new examples and
illustrations.

2. The case of no ascertainment bias
Let us ﬁrst consider the case where the data have been
obtained by directly sequencing a region that has been
chosen without knowledge regarding the variability of
its nucleotides. Let the data be represented by x, where x
is an n  s matrix of nucleotides from n sequences each
consisting of s nucleotides. The columns in x represent
all the sequenced sites, both variable and invariable. The
likelihood function, for a vector of relevant population
genetic parameters Y; is any function proportional to
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PrðxjYÞ: For multiple linked sites in the same region,
this likelihood function cannot be obtained analytically
under realistic models, but must instead be obtained by
simulation. The likelihood function is written using the
representation
Z
PrðxjYÞ ¼
PrðxjY; GÞf ðGjYÞ dG;
ð1Þ
O

where G is a genealogy, O is the set of all possible such
genealogies, and f ðGjYÞ is the density function of
genealogies in O: In the absence of recombination, the
genealogy is often represented as a labeled history in
the sense of Thompson (1975), of which there are
ðn!Þ2 =½n2ðn1Þ ; and a set of coalescent times. In the
presence of recombination, G represents an ancestral
recombination graph (ARG). The ancestral recombination graph is a joint representation of the linked
genealogies for multiple sites. The version of the ARG
that we will use here represents each site explicitly, i.e. it
is not an inﬁnite sites model. For more discussion
regarding ARGs, see Hudson (1983, 1985) and Grifﬁths
and Marjoram (1997).
The representation in Eq. (1) suggests that the likelihood function can be evaluated as the expectation of
some functional over simulated gene genealogies. For
example, in the importance sampling methods by
Grifﬁths and Tavaré (1994a, b) and Stephens and
Donnelly (2000), k genealogies, G1 ; G2 ; y; Gk ; are
simulated from the distribution hðG; Y; xÞ; and the
likelihood function is evaluated as
PrðxjYÞE

k
1X
PrðxjY; Gi Þf ðGi jYÞ
:
k i¼1
hðGi ; Y; xÞ

ð2Þ

As shown in Stephens and Donnelly (2000), such
simulation schemes are most efﬁcient if the importance
sampling function hðG; Y; xÞ closely approximates
a
density
of
genealogies
proportional
to
PrðxjY; GÞf ðGjYÞ:
A related method by Kuhner et al. (1995) uses
Markov chain Monte Carlo (MCMC) to simulate
genealogies. The advantage of MCMC methods is that
it can simulate genealogies directly from the correct
distribution, without a need for importance sampling
weighting. Their disadvantage is that the sampled
genealogies are correlated because they come from the
same simulated Markov chain. This correlation often
makes it difﬁcult to evaluate the accuracy of the estimate
of the likelihood function and to determine the needed
simulation time.
Grifﬁths and Marjoram (1996) and Fearnhead and
Donnelly (2001) have developed methods for analyzing
recombining sequences using importance sampling
schemes. Kuhner et al. (2000b) and Nielsen (2000) have
developed similar methods based on MCMC. For
nuclear human data, recombination rates appear large
enough (e.g. Pritchard and Przeworski, 2001) to

invalidate methods that do not explicitly account for
recombination over large genomic regions. Some
authors (e.g. Harding et al., 1997) have analyzed
recombining sequences using methods that do not
account for recombination by removing apparent
recombinant sequences. The effect of this procedure
on any biological inferences made is largely unknown.

3. What is an ascertainment bias?
An ascertainment bias arises when data have not been
obtained randomly with respect to the observed data
patterns. For example, SNPs might initially have been
identiﬁed in a small sample (panel). After the initial SNP
discovery, the SNPs are then typed in a larger sample of
chromosomes. By preferentially sampling SNPs at
intermediate frequencies, such a protocol will bias the
distribution of allelic frequencies compared to the
expectation for a random sample. Fig. 1 illustrates this
effect. The open bars represent the allelic distribution of
SNPs under a neutral equilibrium model in the limit of
low mutation rates (Eq. (17)) for a sample size of n ¼
100: This also corresponds to the frequency spectrum
under a standard neutral inﬁnite sites model (Tajima,
1989). The solid bars in Fig. 1 represent the allelic
distribution under the following ascertainment procedure (see Eqs. (18) and (20)): in a sample of 5
chromosomes SNPs are identiﬁed at random positions
in the genome. Each of the identiﬁed SNPs is then typed
in 95 additional chromosomes for a total sample of size
n ¼ 100: Notice how much of an effect the ascertainment scheme has on the sampling distribution. Obviously, any inferences we would make regarding
demographics or mutational processes would be
strongly inﬂuenced by the ascertainment scheme if we
did not appropriately correct for the bias it introduces.
In general, if the sampling distribution of a random
sample without any ascertainment bias is given by
PrðxjYÞ; and we denote the ascertainment event by A;
then the sampling distribution that accounts for the
method of ascertainment is given by
PrðxjY; AÞ ¼

Prðx; AjYÞ
:
PrðAjYÞ

ð3Þ

In the ascertainment scheme used to generate Fig. 1,
A would represent the event that the sampled site is
variable in the ﬁrst 5 sampled chromosomes. Eq. (3)
gives the sampling distribution that should be used in
correct analyses of such SNP data. The phrase
‘‘correcting for ascertainment biases’’ may, therefore,
be a bit misleading. The real problem is identifying the
correct sampling distribution for use in statistical
inferences. Much of the rest of this paper is concentrated
on how to deﬁne these sampling distributions for
different types of SNP data. Once the correct sampling
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Fig. 1. The distribution of di-allelic locus conﬁgurations x ¼ ðx1 ; x2 Þ in a sample size of n ¼ 100 under the standard neutral model in the limit of low
mutation rates with and without ascertainment bias. These were calculated using Eq. (17) for the case with no ascertainment bias (open boxes) and by
Eqs. (18) and (20) for the case in which ascertainment bias is introduced by ﬁrst identifying SNPs in a panel of 5 chromosomes, then genotyping 95
additional individuals (solid boxes).

distribution has been deﬁned, constructing appropriate
likelihood or Bayesian estimators, with associated
measures of statistical uncertainty, is a well-trodden
path.

iAS

4. Information lost regarding invariable sites
A case considered by Nielsen (2000) and Kuhner et al.
(2000a) involves data in which SNPs have been
identiﬁed and typed by direct sequencing, or other
methods in which all variable sites are represented in the
sample, but where information has been lost regarding
invariable sites. In this case, x contains only the s
reported variable sites. However, we still keep track of
the distance between sites and the number of invariable
sites. The sampling probability for a region of ﬁxed
length is then given by
Z
PrðxjYÞ ¼
PrðxjY; GÞf ðGjYÞ dG
O
Z Y
Prðxi jY; GÞ
¼
O iAS



Y

distributed given the genealogy and there is no
recombination, this reduces to
Z
Prðsite is invariablejG; YÞLs
PrðxjYÞ ¼
O
Y

Prðxi jY; GÞf ðGjYÞ dG;
ð5Þ

Prðsite i is invariable jG; YÞf ðGjYÞ dG;

ieS

ð4Þ
where xi is the column of x corresponding to site i; S is
the set of variable sites and G is the ancestral graph for
all sites. If sites are independent and identically

where L is the length of the sequenced region.
Nielsen (2000) considered the case in which information may also be missing for variable sites. That is,
among the unobserved sites we have no information
regarding which sites are variable or invariable, but all
the observed sites are variable. If variable sites are
missing at random with respect to their site patterns,
inferences can be made by conditioning on the observed
sites being variable. Such data may occur, for example,
if data from different genomic regions are combined
where no information is available regarding polymorphisms in the intervening regions. Let AS denote the event
that all observed sites are variable, then the likelihood
function can be deﬁned as the sampling probability
PrðxjY; AS Þ ¼

PrðxjYÞ
:
PrðAS jYÞ

ð6Þ

The numerator can be obtained using standard
methods, and the denominator can be obtained analytically for regions without recombination and by
simulation for regions with recombination. This is also
the appropriate approach to analyzing most allozyme
and restriction fragment length polymorphism (RFLP)
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data, since invariable loci usually go unreported for
these markers.
Kuhner et al. (2000a) considered the case in which the
probability of sampling a site given that it is variable
equals f and is a known quantity. Again, only variable
sites (SNPs) are sampled. The sampling probability is
then given by (Kuhner et al., 2000a)
Z Y
fPrðxi jY; GÞ
O iAS



Y
ð1  fPrðsite i is variablejGÞÞf ðGjYÞ dG: ð7Þ
ieS

Kuhner et al. (2000a) refer to this as the ‘‘reconstituted DNA’’ method. They contrast this to what they
term a ‘‘conditional likelihood’’ method. For fully
linked sites, they deﬁne the likelihood function as
Z Y
Prðxi jG; YÞ
LðYÞ ¼
O iAS Prðsite i is variablejG; YÞ
 f ðGjYÞ dG:

ð8Þ

We notice that this expression is valid only if the
number of SNPs is not a random variable. Such data
might arise if sequencing, for all sequences, has
proceeded from a random point in the genome and is
terminated when a predetermined number of SNPs has
been obtained, and information regarding invariable
sites is subsequently lost (Mary Kuhner, pers. comm.). If
instead SNPs have been obtained by sequencing regions
of ﬁxed length, the appropriate method for conditioning
on sites being variable is given by Eq. (6). Eq. (6) is a
more general version of Eq. (2) in Kuhner et al. (2000a),
which is applicable only to unlinked sites. Eq. (6) can
obviously also be applied to regions with moderate or
no recombination, as in Nielsen (2000). In that case, it
takes the form
R Q
Prðxi jG; YÞf ðGjYÞ dG
O
iAS
LðYÞ ¼ R Q
:
ð9Þ
Prðsite i variablejY; GÞf ðGjYÞ dG
O
iAS

For linked sites, it is necessary to use simulation
methods to evaluate the likelihood functions in Eqs. (6)–
(9). Examples of such simulations are in Nielsen (2000)
and Kuhner et al. (2000a). Other simulation methods,
such as the methods of Stephens and Donnelly (2000),
could also easily be adapted to the sampling schemes
considered here. However, all of these methods assume
haplotypic data, i.e. that the haplotypic phase is known.
Most SNP data is genotypic and not haplotypic.
Analysis of genotypic data can in principle easily be
incorporated into the MCMC schemes; however, no
studies have yet been published documenting the
computational feasibility of this approach.

4.1. Independent sites
The case of no linkage is much more computationally
and mathematically tractable compared to that of the
case of linked sites. In addition, it might be realistic for
much SNP data that have been obtained from random
locations in the genome, for example by screening
EST databases. For linked SNPs, an approximate
analysis based on the assumption of independent
markers might provide useful heuristic estimators. A
similar approach has, for example, been taken by
Hudson (2001) for estimating recombination rates in
local regions by considering the likelihood function
calculated for pairs of sites. In such approaches,
conﬁdence intervals and hypothesis tests must be
obtained using simulations.
Analytical results can easily be derived for various
mutation models assuming independent sites. For
example, assuming an inﬁnite alleles model, the sampling distribution in a neutral equilibrium model without ascertainment bias is given by the Ewens (1972)
sampling formula. The approach we will take here
considers a model of low mutation rates, i.e. the limit of
y-0; where y ¼ 4Nm; and m is the base pair mutation
rate per generation and 2N is the chromosomal
population size. The distributions we obtain then
correspond to the marginal distribution of a single
variable site under the inﬁnite sites model. The use of
the low mutation rate limit for human genetic data
is supported by the observation that di-allelic SNPs
are almost exclusively observed in such data, although
some researchers have argued for the presence
of multiple mutations in the same site (Templeton
et al., 2000).
The data for a single site, for a single population,
consist of the counts of each of the two alleles, i.e. x ¼
ðx1 ; x2 Þ; and can be represented simply by the counts of
the ﬁrst allele, x1 ; suppressing the dependency on the
sample size in the notation. Initially, consider the case in
which alleles of type 1, of which there are x1 copies in
the sample, are known to be of the mutant type. We will
easily be able to derive analytical expressions by
considering the underlying genealogy. In the following
it is assumed that the lengths of lineages (edges) in the
genealogy are measured by the number of generations
scaled by the chromosomal population size, and that the
genealogy is well behaved, i.e. the expected time until all
lineages have coalesced is ﬁnite. We will also assume
that mutations arise along a lineage according to a
Poisson process with rate y=2: This corresponds to
assuming neutrality in the particular site we are looking
at; however, we have not made any assumptions
regarding neutrality in linked sites or made any
assumptions regarding demographic models. Let t be
the length of edges in the genealogy which have x1
descendents, and let T be the total tree length, i.e. the
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sum of the lengths of all lineages in the genealogy.
Disregarding the possibility of back mutations, we have


Prðx1 Þ ¼ E ð1  eyt=2 ÞeyðTtÞ=2 ;
ð10Þ
where the expectation is taken with respect to the joint
distribution of t and T: Notice that this expectation
depends on the data through the deﬁnition of t and T:
The distribution of t and T may depend on some
unknown parameters that have been suppressed in the
notation. Expanding into a Taylor series, we have
y
y
ð11Þ
Prðx1 Þ ¼ EðtÞ þ Oðy2 ÞE EðtÞ
2
2
for small values of y: Similarly, if we condition on the
event that the site is variable in the sample, AS ; we have
(Nielsen, 2000)
Pr0 ðx1 jAS Þ :¼ lim Prðx1 jAS Þ
y-0

E ð1  eyt=2 ÞeyðTtÞ=2
¼ lim
y-0
E ð1  eyt=2 Þ
¼ EðtÞ=EðTÞ:

ð12Þ

This result is implicit in much previous work, such as
Grifﬁths and Tavaré (1998) and references therein. It is
useful because it allows easy evaluation of the likelihood
function, even for quite complicated models, as long as
we can simulate genealogies. For example, if we consider
the case of two populations, the data can be represented
as x ¼ ðx11 ; x12 ; x21 ; x22 Þ; where xij is the number of
alleles of type j in population i: If we now deﬁne t as the
length of all edges in which a mutation would lead to x11
and x21 copies of the mutant allele in the two
populations, respectively, Eq. (12) is still valid, and can
be evaluated quickly using simulations as
k
P

Prðx1jAS ÞE

ti

i¼1
k
P

;

ð13Þ

Ti

i¼1

where ti and Ti are the ith values of t and T;
respectively, obtained in k simulation replicates of the
genealogical process.
Returning to the case of a single population, we can
make some further progress if we assume that only
bifurcations occur in the genealogy and that all lineages
are exchangeable. These assumptions are valid, for
example, under Kingman’s (1982) coalescent and its
extensions to the case of varying population size.
Grifﬁths and Tavaré (1998) write Eq. (12) in the form
n
P
ipn;i ðx1 ÞEðTi Þ
Pr0 ðx1 jA1 Þ ¼ i¼2 n
ð14Þ
; 0ox1 on;
P
iEðTi Þ
i¼2

where Ti ; is the length of time in the genealogy in which
there are i lineages, and pn;i ðx1 Þ is the probability that a

249

mutation arising while there are i lineages leaves x1
descendants among the n chromosomes in the sample.
Under the previously mentioned assumptions,
!
n  x1  1
i2
! ; 0ox1 on;
ð15Þ
pn;i ðx1 Þ ¼
n1
i2

where we deﬁne ji ¼ 0 if j4i: Together with Eq. (14),
Eq. (15) provides an analytical result for the sampling
probability expressed only as a function of expected
coalescence times (Grifﬁths and Tavaré, 1998).
So far we have assumed that it is known which
nucleotide is the mutant and which nucleotide is
ancestral. This might be a reasonable assumption for
some data if the mutation rate is sufﬁciently low and the
identity of the SNP in an outgroup species is known. In
cases where the ancestral state of the SNP is not known,
results can easily be obtained from the ancestral-stateknown case. For example, from Eqs. (14) and (15), we
have for the ancestral-state-unknown case Nielsen
(2000)
1
Pr0 ðx1 jA1Þ ¼ n
P
iEðTi Þ
i¼2
!
!1
0
x1  1
n  x1  1
þ ð1  dx1 ;x2 Þ
C
n B
X
i2
i2
B
C
BEðTi Þi
C;
!

B
C
n1
A
i¼2 @
i1
0ox1 pn=2;

ð16Þ

where dij is the Kronecker delta function.
Under Kingman’s coalescent (Kingman, 1982) Ti is
exponentially distributed with mean 2=ðiði  1ÞÞ; so
Eq. (14) reduces to the well-known result for the
frequency spectrum under the inﬁnite sites model (e.g.
Tajima, 1989)
x1
Pr0 ðx1 jA1 Þ ¼ n11 ;
P
1=i

0ox1 on;

ð17Þ

i1

the expression used to generate the open bars in Fig. 1.

5. More realistic ascertainment schemes: panel SNPS
Many ascertainment schemes involve identifying
SNPs in a small sample, a panel, and then subsequently
typing them in a larger sample. The ﬁnal data set may
then contain all of the panel chromosomes, some of the
panel chromosomes or none of the panel chromosomes,
in addition to the sampled chromosomes that are not
members of the panel. Here we will assume that the
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sample size of panel chromosomes is m; the number of
chromosomes in the ﬁnal sample is n and that there are o
(for overlap) chromosomes that were used in the panel
and also included in the ﬁnal sample. We will ﬁrst
consider the case in which o ¼ m: Let Ap be the event
that a polymorphism is detected among the m panel
chromosomes, then
PrðAp jx1 ÞPrðx1 Þ
PrðAp Þ
8
"
!
<
x1
¼ 1
þ
:
m

Prðx1 jAp Þ ¼

x2
m

!#

n
m

x1 on:

!1 9
= Prðx Þ
1
;
;PrðAp Þ
ð18Þ

In the general case in which 0popm:
Prðx1 jAp Þ
¼

m
1 X
i
X

o
v

i¼1 v¼0



PrðyðiÞ Þ
;
PrðAp Þ

!

lim

y-0

Prðx1 Þ
EðtÞ
¼ m
;
P
PrðAp Þ
EðTi Þ

ð19Þ

i¼2

i.e. the total tree length of a sample of size m is now in
the denominator. Under Kingman’s (1982) coalescent,
we have
x1
¼ m11 ;
P
EðTi Þ
1=i

EðtÞ
m
P
i¼2

0ox1 on;

ð20Þ

mo
iv

!

nþmo
x1 þ i  v

!1

ð22Þ

In some cases, SNPs are reported only if they had
some minimum frequency in the panel. Typically,
singletons are not reported because of the large
probability that they are caused by a sequencing error.
The sampling probability when singletons are not
reported in the panel sample becomes

¼

m2 X
i
X
o
i¼2 v¼0
ðiÞ



v

Prðy Þ
;
PrðAp2 Þ

!

no

!

x1  v
0px1 pn;

mo
iv

!

nþmo

!1

x1 þ i  v
ð23Þ

where Ap2 is the event that there are at least two copies
of the rarest allele in the panel sample. It is worth noting
that Eqs. (21)–(23) allow SNPs identiﬁed as variable in
the panel, but found to be invariable in the ﬁnal sample,
to be used for inference. We see that for selection of
single SNPs, it is possible to deﬁne sampling distributions, and thereby likelihood functions, for almost any
imaginable ascertainment scheme. Extensions to the
case of population subdivision can also be derived
similarly to the expressions derived here. In general, as
long as we can calculate the sampling distribution
without an ascertainment bias, it is relatively easy to
obtain appropriate sampling distributions, even for
complicated ascertainment schemes, for independent
SNPs.

i¼1

which combined with Eq. (18) provides the sampling
distribution plotted in solid boxes in Fig. 1.
We consider next the case where o ¼ 0: Again, Ap is
deﬁned as the event that a polymorphism is detected
among the m panel SNPs. The sampling distribution is
now given by

Prðx1 jAp Þ ¼

!

0px1 pn:

Prðx1 jAp2 Þ
The combinatorial expression in the braces on the
right-hand side of the equation is 1 minus the
probability that all of the panel SNPs are of type 1
minus the probability that all of the panel SNPs are of
type 2. Both Prðx1 Þ and PrðAp Þ may depend on some
unknown parameters that, as previously, have been
suppressed in the notation. Sampling distributions can
then be developed as in the previous chapter, for
example using

no
x1  v

m1
X

n

i¼1

x1

!

ðiÞ



Prðy Þ
;
PrðAp Þ

m
i

!

nþm

!1

x1 þ i

0px1 pn;

ð21Þ

where yðiÞ is the sample augmented by the panel SNPs
which, for the sake of generality, is deﬁned as yðiÞ ¼
ðx1 þ i; x2 þ m  o  iÞ:

6. Genomic fragments
In the previous section we treated cases where a SNP
is selected (ascertained) based on properties of the SNP
itself. However, in some cases SNPs may be selected on
the basis of the genomic fragment (e.g. ESTs) to which
they belong. For example in some of the data of Ardlie
et al. (2001), genomic fragments that contained at least
two segregating SNPs in the panel were sequenced
directly in the ﬁnal sample. However, direct sequencing
might recover more SNPs than originally identiﬁed in
the panel. An approach for analyzing such data, under
the inﬁnite sites model, was described in Wakeley et al.
(2001). They assumed that there is no recombination
within fragments but free recombination between
fragments. The likelihood function for such data can
then be calculated using a method based on simulating
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coalescence genealogies. The data in a single fragment is,
for computational reasons, reduced to the allelic
frequencies, i.e. x ¼ fðx11 ; x12 Þ; ðx22 ; x22 Þ; y; ðxs1 ; xs2 Þg;
where s is a random variable representing the number of
SNPs in the fragment. Reducing the data to allelic
frequencies ignores haplotype information, but greatly
reduces the computational complexity of the problem
and allows direct analysis of genotypic data. Let the
total number of SNPs variable only in the sample be sD ;
in both the sample and the panel be sO ; and only in the
panel be sA : The only known quantity is the observed
number of SNPs in the sample s ¼ sO þ sD : The
ascertainment event we consider here is {sA þ sO 41},
but the method easily generalizes to other ascertainment
schemes. The likelihood function is then given by
PrðxjsA þ sO 41Þ ¼

Prðx; sA þ sO 41Þ
:
PrðsA þ sO 41Þ

ð24Þ

This expression can be evaluated, even for complex
demographic models, using simulation. To do this, we
will consider the joint genealogy of the sample and the
panel chromosomes. Let TD be the total tree length of
lineages in the joint genalogy in which all descendent
chromosomes belong only to the sample, TA be the total
tree length of lineages in which all the descendent
chromosomes belong only to the panel, and TO be the
total tree length of lineages that have both panel and
sample chromosomes as descendents. Also, let ti be the
length of all lineages in the genealogy in which a single
mutation would cause data pattern (xi1 ; xi2 ), among the
lineages contributing to TD and TO : Given these times,
the total number of SNPs variable only in the sample
(sD ), in both the sample and the panel (sO ), and only in
the panel (sA ) are independent Poisson random variables with means yTD =2; yTO =2; and yTA =2; respectively. Then
PrðsA þ sD 41Þ



yðTO þ TA Þ yðTO þTA Þ
2
¼1E 1þ
e
;
2

ð25Þ

where the expectation is taken with respect to the joint
distribution of TO and TA : Likewise, assuming that it is
known which of the sample SNPs were also variable in
the panel
Prðx; sA þ sO 41Þ
"
s
X
PrðxjsO ; sD ; TO ; TD ; ti Þ
¼E
so ¼0

#

 PrðsD jTD ÞPrðsA þ sO 41jsO ; TA Þ :

ð26Þ

The expectation is over the joint density of TO ; TD ;
TA ; and ti ; i ¼ 1; 2; y; s: PrðsO jTO Þ and PrðsD jTD Þ are
Poisson random variables with means yT0 =2 and yTD =2;
respectively. Assuming a Poisson process of mutation,
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mutations are distributed uniformly along the lineages
of the genealogy. Therefore,
!
s
Y
ti
:
ð27Þ
PrðxjsO ; sD ; TO ; TD ; ti Þ ¼
T þ TD
i¼1 O
Also,
hðsO ; TA Þ :¼ PrðsA þ sO 41jsO ; TA Þ
8
1
>
<
¼
1  eyTA =2
>
:
1  ð1 þ yTA =2ÞeyTA =2

if sO ¼ 0;
if sO ¼ 1;
if sO X2:
ð28Þ

So Eq. (26) reduces to
"

!

yðTO þ TD Þ ssO
Prðx; sA þ sO 41Þ ¼ E
2
#
s
yðTO þTD Þ X
hðsO ; TA Þ

2
:
e
s !ðs  sO Þ!
s ¼0 O
s
Y

ti
T
þ
TD
i¼1 O

O

ð29Þ
This expression differs in some details from the
expressions in Wakeley et al. (2001). For example it
was assumed in Wakeley et al. (2001) that sO was
known. Wakeley et al. (2001) also consider more
complicated demographic models and other ascertainment schemes. This, and similar expressions can easily
be evaluated by directly simulating coalescence genealogies as in Eq. (13). This approach was in Wakeley et al.
(2001) found to be computationally feasible for large
data sets containing multiple fragments with 2–10 SNPs
on each fragment with models involving multiple
populations. It was used to estimate population growth
rates and migration rates from the data by Ardlie et al.
(2001). The method provides a general inference framework for SNP fragment data, such as ESTs, under the
assumption that no recombination occurs within fragments. However, the framework could easily be generalized to the case of recombination by evaluating the
expectation in Eq. (29) using simulations of models that
include recombination, as in Hudson (1983).

7. Linkage disequilibrium
There has recently been considerable interest in
estimating the level of linkage disequilibrium in human
SNP data (e.g. Reich et al., 2001; Ardlie et al., 2001).
The main reason for the interest is the potential utility of
SNPs in linkage disequilibrium mapping. There has
been particular interest in the rate at which linkage
disequilibrium decays with distance. One of the interesting observations is that there seems to be a shortage
of linkage disequlibrium at short distances and an excess
of linkage disequilibrium over long genomic distances
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ðp1 p1  p11 Þ2
r ðxÞ ¼
p1 ð1  p1 Þp1 ð1  p1 Þ
2

ð30Þ

1.0
0.9
E [D ′ ]

(e.g. Pritchard and Przeworski (2001); Ardlie et al.,
2001).
In the following, we will extend some results derived
in the previous sections to the case of two loci, and show
how an ascertainment scheme inﬂuences the decay of
linkage disequilibrium with distance. Furthermore, we
will demonstrate how the Hudson (2001) estimator of
recombination rate can easily be adapted to account for
the method of ascertainment.
We will ﬁrst consider the effect of sampling on
measures of linkage disequilibrium. For two loci, SNP
data can be represented by the vector x ¼
ðx00 ; x10 ; x01 ; x11 ÞT ; where xij is the number of haplotypes with allele i in the ﬁrst locus and allele j in the
second locus. The two most common linkage disequilibrium statistics are

ð31Þ
where
p11
p1
p1

x11
¼
;
x00 þ x01 þ x10 þ x11
x11 þ x10
¼
;
x00 þ x01 þ x10 þ x11
x11 þ x01
¼
:
x00 þ x01 þ x10 þ x11

The solid lines in Figs. 2a and b show the expectations
of jD0 j and r2 ; respectively, over a range of recombination rates for independent pairs of variable loci
identiﬁed in a sample of 100 chromosomes (see
Eq. (33)). The dotted lines in Figs. 2a and b show the
expectations of jD0 j and r2 ; respectively, when independent pairs of variable loci are ﬁrst identiﬁed in a panel of
5 chromosomes, then typed in 95 more chromosomes for
a total sample size of 100 (see Eq. (36)). Notice that for
both statistics the decay of linkage disequilibrium is
much faster under the panel ascertainment scheme. An
intuitive explanation is that the panel ascertainment
scheme has preferentially selected loci containing high
frequency alleles. Such loci tend to have deeper than
average genealogies, providing more opportunity for
recombination in the ancestry of the sample, and
thereby less linkage disequlibrium. Also notice that r2
takes higher values under the panel ascertainment
scheme and that jD0 j exhibits the opposite pattern. An
intuitive understanding of this effect can be gained by
considering how each statistic treats low-frequency
SNPs. As an extreme example, consider the case of

0.7

0.5
0

1

2

3

4

5

6

7

8

9 10

=2Nc

(a)
0.5
0.4

and
8
p1 p1  p11
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>
:
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Fig. 2. Expected values of the summary statistics for linkage
disequilibrium, jD0 j and r2 ; with and without ascertainment bias. For
each value of r ¼ 2Nc in Hudson’s (2001) table of two-locus sampling
probabilities, we used Eq. (33) to calculate the expectation without
sampling bias (solid lines), and Eq. (36) to calculate the expectations
under an ascertainment scheme in which a panel of 5 chromosomes is
ﬁrst used to identify SNPs (dotted line). The curves were interpolated
with cubic splines.

two singleton SNPs observed in a large sample. Whether
the loci are completely linked or unlinked, it is most
likely that three haplotypes will be observed. This 3haplotype conﬁguration reveals little correlation between the loci, so r2 ; which can be thought of as the
squared correlation coefﬁcient for the two-locus allele
patterns, returns low values. jD0 j, on the other hand, has
the extreme value of p11  p1 p1 p11  p1 p1 for the
given marginal allele frequencies in the denominator.
Since the case of two singletons only allows two possible
two-locus conﬁgurations, jD0 j can only return 1, its
highest value. For example, given the data xOBS ¼
fx00 ¼ 98; x10 ¼ 1; x01 ¼ 1; x11 ¼ 0g; r2 ðxOBS Þ ¼ 0:012
and jD’ðxOBS Þj ¼ 1:0: The data xOBS suggest extremely
low linkage disequlibrium, in the r2 sense, and complete
linkage disequilibrium in the jD0 j sense. Since the panel
ascertainment scheme greatly decreases the probability
of sampling low-frequency SNPs, these opposing
behaviors of r2 and jD0 j become apparent.
We realize that the ascertainment scheme has a
large effect on the observed values of the linkage
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disequilibrium statistics. Pritchard and Przeworski
(2001) have argued that instead of focusing on measures
of linkage disequilibrium such as r2 and jD0 j; estimates
of r ¼ 2Nc might be more useful as a standard for
comparing levels of linkage and recombination rates
among different genomic regions and among different
studies. Here, c is the recombination rate per generation
and N is the chromosomal population size. One of the
reasons not to use r2 and jD0 j is that the variances of
these linkage disequilibrium statistics are quite high. The
fact that the linkage disequilibrium statistics are highly
sensitive to the ascertainment schemes also lends further
support to the argument of Pritchard and Przeworski
(2001).
Nielsen (2000) and Hudson (2001) have considered
extensions of Eq. (12) to more than one locus. Let tij be
the length of lineage j in locus i: Also, let Ijk ; be an
indicator function that takes on the value 1 if one
mutation in lineage j of locus 1 and one mutation in
lineage k of locus 2, with no other mutations occurring in
the history of the genealogies, would generate exactly the
data pattern x ¼ ðx00 ; x10 ; x01 ; x11 ÞT : Also, let AS be the
event that both locus 1 and locus 2 are variable in the
sample, and T ðiÞ be the total tree length in locus i: Then
(Hudson, 2001)
PrðxjAs Þ
E
¼ lim

P

!
Iij ð1  eyt1j =2 Þð1  eyt2k =2 ÞeyðT

j;k

¼E

1j Þ=2

eyðT

ð2Þ t

2k Þ=2


E ð1  eyT ð1Þ =2 Þð1  eyT ð2Þ =2 Þ

y-0

X

ð1Þ t

!
Iij t1i t2k




=E T ð1Þ T ð2Þ :

containing 200 pairs of variable SNPs, by selecting
variable pairs of sites from independent simulations of
ARGs for 100 samples of a 300 bp fragment with y ¼
0:001 per site per generation and r ¼ 2Nc ¼ 5:0; where c
is the per generation recombination rate between the
outer-most sites in the fragment. For each data set we
estimated r by maximizing the product of Eq. (32) over
all 200 pairs. The distribution of these estimates is
shown in Fig. 3a. To model a panel ascertainment
scheme, we performed the simulations as above, but
sampled only pairs of sites that were variable in the ﬁrst
ﬁve sequences. The distribution of estimates of r
obtained from these simulations is shown by the dotted
line in Fig. 3b. The estimates in the panel ascertainment
scheme have less variance because the panel data have a
much larger proportion of high frequency alleles, which
contain more information. However, the panel ascertainment scheme produces estimates that are biased
towards small values. We can correct for this bias by
using the correct sampling distribution as the likelihood
function. Under the panel ascertainment scheme, the
sampling distribution is given by
P
Eð Iij t1i t2k Þ
Pr0 ðxjAp Þ ¼ PrðAp jxÞ

x10 þ x11
1

!

m

ð2Þ

þ

x01 þ x11
m

!
þ

ð34Þ

;

x10 þ x00
n

Now we can express the equation used to produce the
solid lines in Fig. 2 as
X
r2 ðxÞPr0 ðxjAs Þ
ð33Þ
E0 ½r2 jAS ¼
and likewise for jD0 j, where c is the set of all two-locus
conﬁgurations in which both sites are variable.
Hudson
(2001) has tabulated the values of
P
Eð j;k Iij t1i t2k Þfor multiple values of r; for all possible
sample conﬁgurations of size n ¼ 100; under the neutral
equilibrium model (available from http://pondside.uchicago.edu/ecol-evol/faculty/hudson r.html). When ﬁrst
these values are known, likelihood estimation of r can
be done using Eq. (32). For multiple markers, a pseudolikelihood estimate can be obtained by combining the
likelihood function for loci serially along the
P chromosome (Hudson 2001). In Hudson (2001) Eð j;k Iij t1i t2k Þ
is estimated on a grid for 14 values of r: In our
implementation, we ﬁt a cubic spline (e.g. Lange, 2000,
pp. 104–106) to the 14 values to obtain a smooth
likelihood function (as in Fig. 4).
To ﬁnd the distribution of this estimator under a
simple model, we simulated 100,000 data sets, each

ð1Þ

EðTm Tm Þ

ðjÞ

ð32Þ

xAc

j;k

where Tm is the total tree length of site i in a sample of
size m; and
PrðAp jxÞ ¼

j;k
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!

m

!


P

k

kAfx11 ;x10 ;x01 ;x00 g

m

!

m

ð35Þ
We can use this expression to deﬁne the likelihood
function for r for the SNP data obtained form the panel
ascertainment scheme. As shown by the solid line in
Fig. 3b, appropriate use of this sampling distribution
produces an approximately unbiased estimator of r: We
also used this sampling distribution to compute the
expectations of the linkage disequilibrium statistics
under the panel ascertainment scheme (dotted lines in
Fig. 2) as
X
E½r2 jAp ¼
r2 ðxÞPr0 ðxjAp Þ
ð36Þ
xAc

and likewise for jD0 j, where c is all two-locus conﬁgurations in which both sites are variable.
The standardized likelihood functions using Eqs. (32)
and (34) for a sample data set are plotted in Fig. 4.
Obviously, appropriately modeling the method of
ascertainment is of great importance when deﬁning the
likelihood function.

:
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8. Conclusion
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Fig. 3. Histograms of the Hudson (2001) estimator of r from 100,000
simulated data sets, each containing 200 pairs of variable SNPs, where
pairs were identiﬁed in independently simulated ARGs of 100
chromosome fragments of 300 bp each with y ¼ 0:001 and r ¼ 2Nc ¼
5; where c is the per-generation recombination rate between the outermost sites. In Fig. 3a, all variable pairs are included. The dotted line in
Fig. 3b is generated under an ascertainment scheme that consider only
pairs of sites that are variable in a sub-sample of 5 chromosomes. The
solid line in Fig. 3b results from the same ascertainment scheme, but
the estimator is now based on the correct sampling distribution
corresponding to the ascertainment scheme (Eq. (34)). The mean
estimates for r are 5.19, 4.45 and 5.06, respectively. The distributions
were smoothed using a sliding window of 10 bins.
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The method of ascertainment has a large effect on the
allelic distributions of samples from natural populations. The SNP data currently being generated provide
an excellent opportunity to address population genetic
questions. However, valid inferences based on such data
require appropriate modeling of the ascertainment
process. This is a point that has been previously
emphasized in Nielsen (2000), Kuhner et al. (2000a)
and Wakeley et al. (2001). Here we have shown how
appropriate modeling of realistic ascertainment schemes
can be done in a variety of situations. In particular, it is
quite easy to correct the sampling distribution for SNPs
at one or two loci with a combinatorial expression that
models the ascertainment scheme. It is computationally
very difﬁcult to evaluate the full likelihood function
based on multiple linked loci (Grifﬁths and Marjoram,
1996; Nielsen, 2000; Kuhner et al., 2000b; Fearnhead
and Donnelly, 2001). An attractive alternative is to
develop pseudo-likelihood estimators, such as in Hudson (2001), based on single loci or pairs of loci. Such
estimators will be particularly attractive under very
complicated ascertainment schemes, where it would
otherwise be difﬁcult or impossible to evaluate the
correct sampling distribution.
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